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\S 1.
(domain decomposition method ;DDM) ,
,
.
, H. A. Schwarz Dirichlet (Schwarz
alternating method) , , ,
.
3 $:(1^{\mathrm{o}})$ ,












, [4], [5] . , – , $\text{ }[4],$ $[5]$
.
, , 2
. , target Poisson Dirichlet
;
(.1) $\{$
$-\triangle u$ $=$ $f$ in $\Omega$ ,
$u$ $=$ $\beta$ on $\Gamma=\partial\Omega$ .
$\Omega$ $\mathrm{R}^{2}$ , $\Gamma=\partial\Omega$ . $\triangle=\partial^{2}/\partial x^{2}+$
$\partial^{2}/\partial y^{2}$ Laplace , $f\in L^{2}(\Omega),\beta\in H^{1/2}(\Gamma)$ . (1)
$\in H^{1}(\Omega)$ . , $f\in L^{2}(\Omega)$ $f\in H^{-1}(\Omega)$
. , – , $f\in L^{2}(\Omega)$
$\in H^{2}(\Omega)$ .
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, . , $\Omega$ $\gamma.\text{ }2\vee\supset$
$\Omega_{1},$ $\Omega_{2}$ ;
$\overline{\Omega}=\overline{\Omega_{1}\cup\Omega_{2}\cup\gamma}$ , $\Omega_{1}\cap\Omega 2=\emptyset$ .
$\gamma$ 2 $\Gamma$ (Figure 1,2). $\gamma$ .
$\Gamma_{1}=\partial\Omega_{1}\backslash \gamma,$ $\Gamma 2=\partial\Omega_{2}\backslash \gamma$ , $n$
. , , $\gamma$ , $\gamma$
, $\nu$ $\Omega_{1}$ $\Omega_{2}$ .
;\S 2 DN DDM
, \S 3 . \S 4 ,
, , , . \S 5 DN
, , . ,
DD-NN DDM , , \S 6
.
Figure 1. Figure 2.
\S 2. DN
Dirichlet-Neumann $(\mathrm{D}\mathrm{N})$ .
$\{u_{1}^{(k)}\},$ $\{u_{2}^{(k)}\},$ $\{\lambda^{(k)}\}$ , , $\tilde{u}|_{\Omega_{1}}$ , $\tilde{u}|_{\Omega_{2}},\tilde{u}|_{\gamma}$ $k$ .
DN : $\lambda^{(0)}$ $\gamma$ $\{u_{1}^{(k)}\},$ $\{\tau\iota_{2}^{(k\rangle}\},$ $\{\lambda^{()}k+1\},$ $(k=0,1, \cdots)$
;
(2) $\{$
$-\triangle u_{1}^{(k)}$ $=$ $f$ in $\Omega_{1}$ ,




$u_{1}$ on $\gamma$ ,
$\{$
$-\triangle u_{2}^{(k)}$ $=$ $f$ in $\Omega_{2}$ ,
$u_{2}^{(k)}$ $=$ $\beta$ on $\Gamma_{2}$ ,
$\frac{\partial u_{2}^{(k)}}{\partial n}$
$=$
$- \frac{\partial u_{1}^{(k)}}{\partial\nu}$ on $\gamma$ ,
(3) $\lambda^{(k1)}+=(1-\theta)\lambda(k)+\theta u_{2}^{(k})$ on $\gamma$ .
, $0<\theta\leq 1$ .
$\theta$ , DN























, \S 4 .
’. $\mathrm{r}$. $\cdot$
\S 3.




J- , $\gamma$ , $\xi^{(k)}$
.
Steklov-Poincar\’e – , DN ,
, $\Omega$ $\mathrm{R}^{2}$ $\partial\Omega$ , – $\gamma$ .
$\Gamma=\partial\Omega\backslash \gamma$ . $X=L^{2}(\gamma)$ Hilbert . $V=H_{00}^{1/2}(\gamma)$
$C_{0}^{\infty}(\gamma)$ $H_{00^{/}}^{1}2(..\gamma)-$
(6) $||v||H_{00^{2}}(\gamma)=1/\{||v||_{H}21/2\langle\gamma)+||\rho-1/2||2L^{2}\mathrm{t}v\gamma)\}1/2$ ,
. $\rho$ $\gamma$ . , $V=H_{00}^{1/}(2\gamma)$
$[H_{0}^{1}(\gamma), L^{2}(\gamma)]1/2$ – ([13], [11]).
$\gamma$
$\xi$ $\Omega$ $h=h_{\xi}(x, y)$ ;
$\triangle h=0$ in $\Omega$ , $h=0$ on $\Gamma$ , $h=\xi$ on $\gamma$ .
$(\Omega, \gamma)$ Steklov-Poincar\’e $S=S(\Omega, \gamma)$ ( )
$S \xi=\frac{\partial h_{\xi}}{\partial n}$ on $\gamma$
. Steklov-Poicar\’e $S$ ( Friedrichs ) , ,
$X=L^{2}(\gamma)$ , $D(S^{1/2}.)=V$ 1. , $X$ $J$
$J[\xi]=J[\Omega,\gamma;\xi]=(S\xi,\xi)X(=||\nabla h||_{L^{2}(}2)\Omega)$
’
$D(J)=V$ , $J$ , $\xi\in V$
(7) $J[\xi]=||s^{1/}2\xi||_{\mathrm{x}}^{2}$
. ( $[4],[5]$ ). .
, DN $S_{1}=S(\Omega_{1},\gamma),$ $S_{2}=s(\Omega 2,\gamma)$ . $\mathrm{D}\mathrm{N}$
$\langle$$2)(3)$
(8) $\xi^{(k+1)}=(1-\theta)\xi^{(}k)-\theta S_{21\xi^{\mathrm{t})}}^{-}1sk$ $(k=0,1,2, \cdots)$
1 $D(T)$ $T$ .
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(9) $\xi^{(k)}=A_{\theta}^{k}\xi^{(0)}$ , $(k=1,2,3, \cdots)$
. $I$ . $A_{\theta}$ DN (amplifi-
cation operator) . – $V$
$(\xi,\eta)_{V}=(S_{2}^{1/2}\xi, s^{1}\eta)_{X}2^{/2}$
’ for any $\xi,\eta\in V$.
. $V$ Hilbert , .
Lemma 1. $A_{\theta}$ , $V$ ,
, $\xi\in V$ ; .
(10) $(A_{\theta\xi,\xi)=}\gamma(1-\theta)||S_{2}^{1}\xi/22||\mathrm{x}-\theta||S1\xi 1^{/2}||_{\mathrm{x}}^{2}$.
\S 4.
(9) (4) , $A_{\theta}$ $||A_{\theta}||=||A_{\theta}||_{\mathcal{L}()}V$
. $A_{\theta}$ $V$ , , $(A_{\theta}\xi, \xi)v$
. (7) (10) , , $J_{1}[\xi]=J[\Omega_{1},\gamma;\xi]$ $J_{2}[\xi]=J[\Omega_{2,\gamma;}\xi]$
. , $(\Omega, \gamma)$
.
Cond. $\langle$ $\mathrm{F}_{m})$ and Cond$.(\mathrm{F}^{\ell}):m,l\geq 1$ . $(\Omega, \gamma)$ Cond$.(\mathrm{F}_{m})$ Cond. $(\mathrm{F}^{\ell})$
, $\xi\in V$ ,
$J_{1}[\xi]\leq mJ_{2}[\xi]$ $J_{2}[\xi]\leq lJ_{1}[\xi]$
.
Cond$.(\mathrm{F}_{m})$ Cond$.(\mathrm{F}^{\ell})$ $(\Omega, \gamma)$ ;
Example 1. (Cond. $(\mathrm{I}_{m})$ and Cond. $(\mathrm{I}^{\ell})$ ) $\gamma$ $y$ W4 . $m\geq 1$ , $T_{m}$
$x$ $T_{m}$ : $(x, y)\daggerarrow(x/m, y)$ . $T_{m}\Omega_{2}$ $y$ $(T_{m}\Omega_{2})’$
. $T_{m}\Omega_{2}$ $\Omega_{2}$ $T_{m}$ . , $(T_{m}\Omega_{2})’\subset\Omega_{1}$
, $(\Omega, \gamma)$ Cond$.(\mathrm{I}_{m})$ . $l\geq 1$ $(\Omega, \gamma)$ Cond$.(\mathrm{I}^{\ell})$
, $(T_{\ell}\Omega_{1})’\subset\Omega_{2}$ . Cond $(\mathrm{I}_{m})$ , Cond$.(\mathrm{I}^{\ell})$ ,
(11) $J_{1}[\xi]\leq mJ_{2}[\xi]$ , $J_{2}[\xi]\leq\ell J_{1}[\xi]$
.
Example 2. (Cond. $\langle \mathrm{R}_{m}$ ) and Cond. $\langle$ $\mathrm{R}^{\ell}))\gamma$ $R$ . $m\geq 1$
, $T_{m}^{R}.$
.
$T_{m}^{R}$ : $(r, \phi)\vdasharrow(R.+(r-R)/m, \emptyset)$ . $(r, \phi)$ . $T_{m}^{R}\Omega_{2}$
2 , $H=s_{2^{-1}}/2$ . $(S_{1}^{1/1/2}S_{2}^{-})2\cdot S_{1}^{1/2}$ . .
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$\gamma$ ( ) $(T_{m}\Omega_{2})’$ . , $(T_{m}^{R}\Omega_{2})’\subset\Omega_{1}$
, $(\Omega, \gamma)$ Cond$.(\mathrm{R}_{m})$ . $l\geq 1$ $(\Omega,\gamma)$ Cond$.(\mathrm{R}^{\ell})$
‘ , $(\tau_{\ell}^{R}\Omega 1)’\subset$ \Omega 2 . , , Cond$.(\mathrm{R}_{m})$ , Cond$.(\mathrm{R}^{\ell})$
(11) .
Example 3. (Diffuser ) , Figure 2 $(\Omega, \gamma)$ Cond $(\mathrm{F}_{m})$ Cond $(\mathrm{F}^{\ell})$
. , $p\geq 1,$ $q>0$ , $\Omega_{2}=\{-1<x<0,0<y<q\},$ $\Omega_{1}=\{0<$
$x<p,$ $0<y<x+q\}$
(12) $J_{1}[\xi]\leq J_{2}[\xi]$ , $J_{2}[\xi]\leq\alpha(p,q)J1[\xi]$
. ,
$\alpha(p, q)=\{pp\{$
$3+\sqrt{5})/2$ $(1\leq p\leq q)$
$\zeta^{2}+2+\sqrt{\zeta^{4}+4})/(2\zeta)$ $(0<q\leq p)$ ,
$\zeta=\zeta(p, q)=(p+q)/q$ .
, Cond$.(\mathrm{F}_{m})$ , Cond$.(\mathrm{F}^{\ell})$ ,
$(1- \theta)-m\theta\leq\frac{(A_{\theta}\xi,\xi)_{V}}{||\xi||_{V}^{2}}\leq(1-\theta)-\frac{1}{l}\theta$ , ( $||\xi||_{V}^{2}=(\xi,$ $\xi)v$ )
, .
Theorem 1. $0< \theta<\frac{2}{m+1}$ $r=r_{m},\ell(\sim\sim\theta)$
$r=\sim\{$
$1-(1+ \frac{1}{p})\theta$ , for $0< \theta\leq\frac{2}{m+\frac{1}{\ell}+2}$
$(m+1)\theta-1$ , for. $\frac{2}{m+\frac{1}{\ell}+2}\leq\theta<\frac{2}{m+1}$
. $(\Omega,\gamma)$ Cond$.(\mathrm{F}_{m})$ Cond $(\mathrm{F}^{\ell})$ . $0<r<1\sim$ , $(\Omega, \gamma)$
$c_{1}$
(13) $||\xi^{(k)}||_{H_{00}}1/2(\gamma)\leq c_{1}r|\sim k|\xi^{()}0||H_{\mathrm{o}0}(1/2\gamma)$’ $(k=1,2, \cdots)$
.





Remark 1. $r_{\mathrm{o}\mathrm{p}\mathrm{t}}^{k}\sim$ $\theta=\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}$
. Theorem 2 , $\theta=\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}$ Cond $(\mathrm{F}_{m})$ , Cond$.(\mathrm{F}^{\ell})$
$(\Omega, \gamma)$
$r_{\mathrm{o}\mathrm{p}\mathrm{t}}^{k}\sim$ . - ,
, $\theta$ } , $\overline{r}_{\mathrm{o}\mathrm{p}\mathrm{t}}^{k}$
$(\mathrm{F}\mathrm{u}\mathrm{j}\mathrm{i}\mathrm{t}\mathrm{a}-\mathrm{F}\mathrm{u}\mathrm{k}\mathrm{u}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}- \mathrm{S}\mathrm{a}\mathrm{i}\mathrm{t}_{0}[6])$ . , $\theta=\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}$ Cond$.(\mathrm{F}_{m})$ , Cond$.(\mathrm{F}^{p})$
$(\Omega, \gamma)$ $r_{\mathrm{o}\mathrm{p}\mathrm{t}}^{k}\sim$ .
, , “– ”
.
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Remark 2. $\mathrm{F}\mathrm{u}\mathrm{j}\mathrm{i}\mathrm{t}\mathrm{a}[4]$, [5] Theorem 1,2
, Cond $(\mathrm{F}_{m})$ .




, , (1) $f\equiv 0,\beta=\log\{x^{2}+(y+5)^{2}\}$ , $\overline{\Omega}--.\overline{.\Omega_{1}\cup\Omega 2}$,
$\Omega_{1},$ $\Omega_{2}$ Figure 3 Figure 2 .
Figure 3.
Figure 3 Cond$.(\mathrm{I}_{m})$ Cond $(\mathrm{I}^{p})$ . $\lambda_{h}^{(k)}$ $\tilde{\lambda}=\tilde{u}|_{\gamma}$
version $k$ . $h$ $=\Delta_{X}=\Delta y=0.05$ .
$\lambda_{h}^{(0)}$ $0\leq y\leq q$ $y=0,$ $q$ $\lambda_{h}^{(0)}=$ .
Table 1.
; $k^{*}$
$e_{k}=|| \lambda_{h}^{(k})-\tilde{\lambda}||_{L^{\infty}(\gamma h})=\max|\lambda(k)(hP)-\tilde{\lambda}(P)|P\in\gamma h\leq 10^{-5}$,
$k$ . , $\gamma_{h}\#\mathrm{h}\gamma$ . ,
$r_{1}= \frac{e_{1}}{e_{0}’}\sim*r\sim_{2}=\frac{e_{2}}{e_{1}}$ , , $r_{k}^{*}= \frac{e_{k}}{e_{k- 1}’}\sim\cdots$
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$r_{\max}^{*}= \max\{\sim rk|\sim*1\leq k\leq k^{*}\}$ .
Table 1 $(\mathrm{a})(\mathrm{b})$ $****$ , $\theta$ ,
Theorem 1 . (b) –
.
Table 1 , , ,
.
Figure $4(\mathrm{a})-(\mathrm{d})$ $k$ , $e_{k}$ $(=\ln e_{k})$ .
, , $\gamma$
. , .
$\theta=\theta_{\mathrm{o}_{\mathrm{P}}}\mathrm{t},$ $\mathrm{o}.2,0,4,0.6,0.8$ 5 . $\cdot$ .
(a) $\mathrm{B}$-type; $p_{1}=2.5,p_{1}^{\prime \mathrm{o}.5}=$, (c) $\mathrm{B}$-type; $p_{1}=3.5,p_{1}’=1.5$ ,
$p_{2}=3.5,p_{2}’=1.5,$ $q=1$ , $p_{2}=2.5,p’20=.5,q=1$ ,
Cond $(\mathrm{I}_{7})$ , Cond$.(\mathrm{I}^{5/3}),\theta_{\varphi t}=0.2083$ . Cond $(\mathrm{I}_{5/3})$ , Cond$.(\mathrm{I}^{7}),\theta_{\varphi t}=0.5250$ .
$\underline{\mathrm{O}\circ})\Phi$
(b) $\mathrm{B}$-type; $p_{1}=2.5,p_{1}’=0.5$ , (d) B-type; $p1=3.5,p_{1}^{t}=1.5$ ,
$p_{2}=3.5,p2=1’.5,q=10$ , $p_{2}=2.5,p2=5\prime \mathrm{o}.,q=10$ ,
Cond$.(\mathrm{I}_{7})$ , Cond$.(\mathrm{I}^{5/3}),\theta_{\varphi t}=0.2083$ Cond $(\mathrm{I}_{5/3})$ , Cond$.(\mathrm{I}^{7}),\theta_{\varphi t}=0.5250$ .
Figure 4. Iteration number $k$ vs $\ln e_{k}$ with several $\theta \mathrm{s}$ ;
for the domains given Figure 3 (B-type).
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Table 1 Figure 4 , ; $(1^{\mathrm{O}})$
, Theorem 2 – $\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}$
$\theta$ . , , , $\theta$




, Figure 5 $(\mathrm{a})-(\mathrm{d})$ Figure 2 Example 3 (diffuser)
. $\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}$ ,
(12) . , ,
$P$ $q$ , $\theta$ $\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}$
.
(a) $p=1,$ $q=1,$ $\theta \mathrm{t}=0.59\mathrm{o}\mathrm{p}13$ (c) $p^{=5},$ $q=1,$ $\theta_{\mathrm{o}}\mathrm{P}^{\mathrm{t}}=0.6595$
(b) $p=1,q=5,\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}=0.5913$ (d) $p=5,$ $q=5,\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}=0.6501$
Figure 5. Iteration number $k$ vs $\ln e_{k}$ with several $\theta \mathrm{s}$ ;
for the domains given Figure 2 and Example 3.




’ $\mathrm{D}\mathrm{i}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{h}\mathrm{l}\mathrm{e}\mathrm{t}^{\dot{2}}$ -Neumann2 (DD-NN) DDM $\}^{}$.
.
$(u_{1}^{(k)()}, u_{2}k)$ $(v_{1’ 2}^{(k)}v(k))$ , , $(\tilde{u}|_{\Omega_{1}}..’\tilde{u}|\Omega_{2}.)$ 2 . $.\lambda^{(k)}$ ,
$k$ .




$=$ $f$ in $\Omega_{1}$







$=$ $f$ in $\Omega_{2}$
















$=$ $f$ in $\Omega_{1}$
$v_{1}$ $=$ $\beta$ on $\Gamma_{1}$
$\frac{\partial v_{1}^{()}k}{\partial\nu}$
$=$
$- \frac{\partial v_{2}^{(k)}}{\partial n}$
$\mathrm{o}\mathrm{n}\gamma$
’
(16) $\lambda^{(k+1)}=(1-\sigma-\tau)\lambda^{(k)}+\sigma u_{2}^{(k)}+\tau v_{1}^{(k)}$ on $\gamma$ .
$\sigma,$ $\tau$ $\sigma\geq 0,$ $\tau\geq 0,0<\sigma+\tau<1$ .
$\mathrm{D}\mathrm{N}$ , DD-NN
(17) $B_{\sigma,\tau}=(1-\sigma-\tau)I-\sigma H-\tau H^{-}1$
. $H$ \S 3 $V$ .
$\gamma$
$\xi^{(k)}=B_{\sigma,\tau}^{k}\xi^{(0)}$ , $(k=1,2,3, \cdots)$
. , $\psi(\lambda)=1-\sigma-\mathcal{T}-\sigma\lambda-\tau\lambda^{-}1$ , $B_{\sigma,\tau}$
$H$
$B_{\sigma,\tau}=\psi(H)$




. , , .
Theorem 3. , $P=q$ . $0<\theta<1$ $\theta$
$2\sigma=2\tau=\theta$ . $m,$ $l\underline{>}1$ , Cond $(\mathrm{F}_{\mathrm{m}}),\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{d}$ .(F , –
$m\geq l$ , DD-NN ,
$\theta_{\mathrm{o}\mathrm{p}\mathrm{t}}=\frac{Am}{m^{2}+6m+1}$ , $r_{\mathrm{o}\mathrm{p}\mathrm{t}}= \frac{m^{2}-2m+1}{m^{2}+6m+1}\sim$ .
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Theorem 4. $m,l\geq 1$ , Cond$.(\mathrm{F}_{m}),\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{d}.(\mathrm{F}^{p})$ , – $m\geq l$
, DD-NN ,
.. 21 . $2m$ $-arrow 1-$ $–\mathrm{J}\Rightarrow$ $\sim$ $ml-2\sqrt{ml}+1$
$\sigma_{\mathrm{o}\mathrm{p}\mathrm{t}}=-\overline{\rho}$ ’ $\tau_{\mathrm{o}\mathrm{p}\mathrm{t}}=-\overline{\rho}-$, , $r_{\mathrm{o}_{\mathrm{P}}} \mathrm{t}=\frac{\vee\vee-\mathrm{v}\cdot\cdot\veerightarrow \mathrm{I}-}{\rho}\sim$ .
$\rho=\rho(m, l)=ml+2(m+\ell+\sqrt{ml})+1$ .
Remark 5. DD-NN , $\dot{\mathrm{J}}.\mathrm{F}$ .Bourgat Neu-
$\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}/\mathrm{N}\mathrm{e}\mathrm{u}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}$ ([2]), , ([9])
$([10],[6])$ .
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